We establish bounds on the decay of time-dependent multipoint correlation functionals of one-dimensional quasi-free fermions in terms of the decay properties of their two-point function. At a technical level, this is done with the help of bounds on certain bordered determinants and pfaffians. These bounds, which we prove, go beyond the well-known Hadamard estimates. Our main application of these results is a proof of strong (exponential) dynamical localization of spin-correlation functions in disordered XY -spin chains.
Introduction and main results

Quasi-free Fermions on the lattice
Systems of (spinless) fermions are described on the fermionic Fock space F(H) over a separable single-particle Hilbert space H. Fermionic annihilation and creation operators c(f ) and c * (f ) associated with f ∈ H act on F(H) and satisfy the canonical anticommutation relations (CAR), i.e., for any f, g ∈ H {c(f ), c * (g)} = c(f )c * (g) + c * (g)c(f ) = f, g 1l (1.1) and all other anticommutators vanish. By A(H), we denote the C * -algebra generated by the identity, 1l, and the operators c(f ) and c * (g) for all f, g ∈ H; this is the CAR algebra associated to H. A state ω on A(H) is any normalized, non-negative linear functional. The state ω, or more generally any linear functional, is called quasi-free (or: quasi-gaussian, cf. [5, 6] ) if all correlation functions are computed from Wick's theorem. More precisely, ω is quasi-free if for any n ∈ N and any collection f j , g j ∈ H giving rise to operators
we have ω(C 1 · · · C 2n−1 ) = 0 and
3)
The (primed) sum is over all permutations π which satisfy π(1) < π(3) < · · · < π(2n − 1) and π(2j − 1) < π(2j) for all 1 ≤ j ≤ n. The right side is known as the pfaffian of the triangular array C := (ω(C j C k )) 1≤j<k≤2n (1.4) which equivalently may be identified with a skew-symmetric matrix, C T = −C.
In general, fermionic quasi-free states are characterized by ω(
terms of a one-particle density matrix Γ on H ⊕ H. The latter satisfies 0 ≤ Γ ≤ 1 and is of the from Γ = ̺ α α * 1 − ̺ where g k , (1 − ̺)f j := f j , (1 − ̺) g k , cf. [6] . For a simple ubiquitous subclass of quasi-free states α = 0 and hence they are uniquely characterized by a one-particle density operator 0 ≤ ̺ ≤ 1 on H,
Examples of such one-particle density operators which will play some role in this paper include:
1. the thermal equilibrium state corresponding to a single-particle Hamiltonian H on H with inverse temperature β > 0 and chemical potential µ ∈ R:
.
(1.6)
In the limit β → ∞, this turns into the fermionic ground state, ̺ = P (−∞,µ) (H), i.e., the spectral projection of H corresponding to energies strictly below µ.
those of the form
with α ∈ {0, 1} N and (φ j ) j∈N an orthonormal basis of eigenvectors of a single-particle Hamiltonian H on H. For α with the property that α j = 1 whenever λ j < µ and α j = 0 otherwise, this state coincides with the ground state of the non-interacting Fermi system with Fermi energy µ. Other choices of α correspond to excited states.
We will be interested in lattice fermions for which H = ℓ 2 (Z d ) -and primarily with d = 1. In the lattice case, for any state ω ̺ of the form (1.5), the canonical orthonormal basis of vectors δ ξ ∈ ℓ 2 (Z d ) localized at the lattice sites ξ ∈ Z d gives rise to time-dependent multipoint correlation functions with determinantal structure, i.e., for x 1 , . . . , x n , y 1 , . . . , y n ∈ Z d and s 1 , . . . , s n , t 1 , . . . , t n ∈ R:
ω ̺ c * (e itnH δ yn ) · · · c * (e it 1 H δ y 1 ) c(e is 1 H δ x 1 ) · · · c(e isnH δ xn ) = det (e is j H δ x j , ̺ e it k H δ y k 1≤j,k≤n . (1.8)
Here for a given single-particle Hamiltonian H on ℓ 2 (Z d ), a simple (free) dynamics is implemented on the corresponding CAR algebra A d := A(ℓ 2 (Z d )) through τ t (c(f )) := c(e −itH f ) , t ∈ R ; (1.9)
more general dynamics will be considered later. (The derivation of (1.8) from (1.5) proceeds by setting f 1 = · · · = f n = g n+1 = · · · = g 2n = 0 and g j = e it n−j+1 H δ y n−j+1 , f n+j = e is j H δ x j for j = 1, . . . n and using the fact that the arising triangular array (1.4) has a block structure in which case the pfaffian reduces to a determinant.)
Determinant bound
In its simplest form, the basic question of this paper can already be formulated in this setting. Suppose the two-point function decays, i.e., for some C, µ ∈ (0, ∞) and all x j , y k ∈ Z d sup s,t∈R e isH δ x j , ̺ e itH δ y j ≤ C e −µK(|x j −y k |) , (1.10) with some monotone increasing K : [0, ∞) → [0, ∞), what can one say about the decay of multipoint correlation functions such as (1.8)? Before describing our answer to this question, let us first clarify some points. Exponential decay of the two-point function would correspond to the choice K(τ ) = τ . Slower decay rates such as algebraic decay may be accommodated by another choice such as K(τ ) = ln(1 + τ ). Our basic assumption throughout this paper is: (1 + ℓ) e −µ 0 K(ℓ) < ∞ .
(1.11)
Since the multipoint correlation functions depend on configurations x = (x 1 , . . . , x n ) ∈ Z dn and y = (y 1 , . . . , y n ) ∈ Z dn , we need to specify our notion of distance for configurations. Since we focus here on one-dimensional systems, d = 1, we may restrict without loss of generality to fermionic configurations which are naturally ordered:
Note that there is only one particle per site, since we are dealing with (spinless) fermions. In this situation, the notion of distance we will adopt is:
Some remarks are in order:
1. Since we deal with configurations of indistinguishable particles, one might wonder whether this distance is invariant under relabeling of particles. This immediately follows from the fact that D(x, y) = min π max j∈{1,...,n} |x j − y π(j) | where the minimum is over all permutations π of n elements.
2. There are other notions of distance then (1.13) which are natural for indistinguishable particles. For example, D 1 (x, y) := min π n j=1 |x j − y π(j) | is an option which in our one-dimensional situation turns out to be D 1 (x, y) = j |x j − y j | in case of ordered fermionic configurations (1.12).
One result of this paper is the following: Theorem 1.1 (Determinant bound). Let I ⊆ R and ρ(s, t) be a family of uniformly bounded operators on ℓ 2 (Z) with ρ(s, t) ≤ 1 for all s, t ∈ I. If there is some C ∈ (0, ∞), µ ∈ (µ 0 , ∞) such that for all x, y ∈ Z: 14) then for any n ∈ N and any pair of fermionic configurations x = (x 1 , . . . , x n ), y = (y 1 , . . . , y n ) ∈ Z n :
Some remarks apply:
1. The theorem does not require ρ(s, t) to be a reduced density operator -only the norm bound ρ(s, t) ≤ 1 is essential. In particular, the choice ρ(s, t) = e −isH ̺ e itH with some reduced density operator 0 ≤ ̺ ≤ 1 is admissible, cf. (1.8).
2. Exponential decay of correlations, i.e., (1.14) with K(τ ) = τ , is known to occur for thermal states of single-particle systems. More precisely, in case ρ = ρ(H) with a self-adjoint operator H on ℓ 2 (Z d ) and any function ρ : R → C, which has an analytic extension to the strip | Im z| ≤ η on which it is bounded by ρ ∞ , obeys for all x j , y k ∈ Z d :
In particular, this applies with η < π/β to the Fermi distribution function, ρ(H) = (1 + e β(H−µ) ) −1 .
Disordered case
Part of the motivation for Theorem 1.1 stems from the analysis of disordered systems. Here the single-particle Hamiltonian H (as well as the one-particle density matrix ̺) is a weakly measurable map from some probability space (Ω, Σ, P) into the space of self-adjoint operators on ℓ 2 (Z d ). The most prominent examples of such H are Anderson-type opeartors, i.e., discrete Schrödinger operators of the form H = −∆ + V where the multiplication operator V is given by independent and identically distributed (iid) random variables (ν ξ ) associated to ξ ∈ Z d . The spectral theory of such operators is quite well studied -the main feature being the existence of a localized phase [11, 23, 3] . For convenience of the reader, let us summarize some facts which are important in the following:
1. A dynamical characterization of localization involves the eigenfunction correlator which is defined as the total variation measure associated with x, y ∈ Z d :
Q(x, y; I) := sup
where P I (H) denotes the spectral projection on I ⊆ R. Strong exponential dynamical localization in I then refers to the bound:
for some C, µ ∈ (0, ∞) and all x, y ∈ Z d . It implies that the spectrum of H is almostsurely pure point. In case the latter is simple given by λ 1 < λ 2 < . . . , the eigenfunction correlator is then Q(x, y; I) = λ j ∈σ(H)∩I |φ j (x)||φ j (y)|, given in terms of the normalized eigenbasis {φ j } of H.
2. Under some reasonable assumptions on the random operator H, strong exponential dynamical localization (1.18) is known to occur in case d = 1 throughout the spectrum, i.e. with I = R; for details, see [11, 3] and references therein.
The assumption of the following theorem hence applies to such random operators H on ℓ 2 (Z) and all (time-evolved) one-particle operators ρ(s, t) = ρ(H) e i(t−s)H which are bounded functions of the Hamiltonian such as, for example, thermal-states (1.6) up to β = ∞ or eigenstates (1.7) related to H.
Theorem 1.2 (Strong dynamical localization I).
Let I ⊆ R and consider a family of random operators ρ(s, t) on ℓ 2 (Z) with ρ(s, t) ≤ 1 for all s, t ∈ I which exhibit localization in the sense that for some C, µ ∈ (0, ∞) and for all x, y ∈ Z:
Then for any n ∈ N and any pair of configurations x = (x 1 , . . . , x n ), y = (y 1 , . . . , y n ) ∈ Z n :
Several remarks apply:
1. The case ρ(s, t) = e −itH in Theorem 1.2 includes a statement on the determinant of the time evolution operator e −itH projected to a pair of configurations x, y ∈ Z n . In [9] this quantity arises in the analysis of an error-correcting code for a one-dimensional chain of Majorana fermions. More precisely, the random one-particle Hamiltonian H on ℓ 2 ({1, . . . , N }) is dubbed in [9] multipoint dynamical localized if there are constants C, µ ∈ (0, ∞) such that for all n ≤ N sufficiently large:
for all configurations x, y ∈ Z n with D 1 (x, y) ≥ N/8. 
Majorana Fermions
For lattice fermions one may associate to each site x ∈ Z d a pair of Majorana fermions: The free dynamics (1.9) generated by a single-particle Hamiltonian H carries over to the Majorana fermions a
Given such a dynamics and a quasi-free state ω the dynamical multipoint correlation functions are of the form ω a
In the subsequent theorem, we envoke the following definition.
Definition.
A pair (ω, τ ) of a functional ω and automorphisms τ = {τ t } t∈R on the CAR algebra
, and all times (t 1 , . . . , t 2n ) ∈ R 2n .
As before, our main concern will be the decay rate of such multipoint correlation functions, given information about the decay of the two-point function. Since the multipoint correlation function involves a collection x := (x 1 , . . . , x 2n ) ∈ Z 2nd of points, we again first need to quantify the relevant notion of distance for this collection. In the one-dimensional situation, d = 1, the points may be ordered without loss of generality
(1.26)
Note that in contrast to (1.12) these points are not necessarily distinct since x j ∈ Z may carry two Majoranas: one with # = + and one with # = −. We will call ( 
Then there is some C ′ = C ′ (µ 0 ) such that for any n ∈ N, and any Majorana configuration
Let us stress that we do not assume here that ω is a state: it neither needs to be non-negative nor normalized. Only its Gaussian nature and boundedness are essential.
Similar to before, this bounds carries over to the random case. 
Then there is some C ′ = C ′ (µ) ∈ (0, ∞) such that for any n ∈ N, and any Majorana configuration (x 1 , # 1 ), . . . , (x 2n , # 2n ) ∈ Z × {±}:
Let us conclude with two remarks:
1. It is straightforward to see from the subsequent proof that we may extend Theorem 1.4 to the case in which ω depends on an additional parameter α. If one assumes uniform exponential decay in the sense that (1.30) holds with an additional supremum over α inside the expectation, then (1.31) holds with an additional supremum inside the expectation.
2. Again, the above theorem has a straightforward generalization to the case that the twopoint function decays at a rate given by K.
Time-dependent correlations in random XY spin chains
Our main application of Theorem 1.4 concerns the correlation functions of a (random) spin-1 2 chain. More precisely, we consider an anisotropic spin chain of length N ∈ N with the Hamiltonian
which acts on the Hilbert space H N = N ξ=1 C 2 . The real-valued sequences{µ ξ }, {γ ξ }, and {ν ξ } are the parameters of the model which can be physically interpreted as an interaction strength, the anisotropy, and an external magnetic field in 3-direction, respectively, and
denote the Pauli matrices. By the subscripts ξ ∈ {1, . . . , N }, we embed these matrices into
for any w ∈ {1, 2, 3} with σ w appearing in the ξth factor.
The dynamics generated by the Hamiltonian S N is the one-parameter group of automorphisms on B(H N ) given by
We are interested in dynamic correlations between general single-site observables. More concretely, for any 1 ≤ ξ ≤ N denote by A {ξ} the set of observables with support {ξ}. With 1 ≤ ξ < η ≤ N fixed, let A ∈ A {ξ} and B ∈ A {η} . We consider
The states · are described in terms of their density matrices ρ(S N ) ≥ 0. We will mainly consider either eigenstates or thermal states associated to S N , i.e.,
eigenstate of S N with label α, e −βS N / tr e −βS N , thermal state with inverse temperature β.
(2.5)
In order to distinguish the two cases, we will sometimes include a subscript α (in case of an eigenstate to be described below) or β (in case of a thermal state). Note that since these are expectations in a state whose density matrix commutes with S N , it is clear that they are time invariant, i.e. τ t (A) = A . To calculate the correlations (2.4), we first expand the single-site observables in terms of a basis. Any A ∈ A {ξ} can be written as:
w=0 a w σ w ξ and we have set σ 0 ξ = 1l for convenience. As a result,
In order to estimate these correlation functions, we relate them to correlations of free Majorana fermions using the well known Jordan-Wigner transformation [15, 17] .
Jordan-Wigner transformation in terms of Majorana Fermions
The operators
and a
, and satisfy (a # ξ ) 2 = 1 as well as the anti-commutation rules (1.23) for Majorana fermions. A short calculation also shows that ia
ξ and that the Hamiltonian coincides with the following quadratic form
in terms of the vector A = (a 
where S(γ) := σ 2 + iγσ 1 . The operator H N acting on ℓ 2 ({1, . . . , N }; C 2 ) will be referred to as the single-particle Hamiltonian. Let us briefly comments on some of its properties:
1. Since H N =: iK N with K N real and skew symmetric, the spectrum of H N is symmetric about the origin, i.e., σ(H N ) = {±λ 1 , ±λ 2 , . . . , ±λ N } with 0 ≤ λ 1 ≤ λ 2 ≤ · · · ≤ λ N denoting its non-negative eigenvalues.
The unitary transformation
rotates the spin matrices, u * σ 1 u = σ 2 and
u one may lift this rotation to a local transformation on ℓ 2 ({1, . . . , N }; C 2 ) ≃ N j=1 C 2 . Under this transformation, the Hamiltonian (2.9) turns into a Jacobi matrix block matrix U * H N U , in which the variables {ν ξ } are on the diagonal. Performing another change of variables, in which we permute the indices in U * H N U , the Hamiltonian is seen to be unitarily equivalent (denoted here by ≃) to the block matrix
In the isotropic case, i.e. γ ξ = 0, and if the spin coupling is homogeneous, i.e. µ ξ = µ for all ξ, the Hamiltonian thus reduces to (two copies of) a discrete Schrödinger operator on ℓ 2 ({1, . . . , N }) with hopping µ and potential given by {ν ξ }.
To diagonalize S N , we make a Bogoliubov transformation. More precisely, let O be the real orthogonal 2N × 2N matrix which brings the skew-symmetric matrix K N into its canonical block form,
Regarding this as a change of variables and recalling the quadratic form relation (2.8), it is natural to define B := OA and then label B = (b 13) in analogy to A. The Hamiltonian is then in its canonical form in terms of these b-operators:
Let us summarize some basic properties of these operators:
1. Since O is a real orthogonal matrix, the algebra of Majorana fermions is preserved under this transformation, i.e., (b
2. For j ∈ {1, . . . , N }, the operators ib 15) corresponding to these Majorana modes, satisfy
The Hamitonian S N commutes, [P N , S N ] = 0, with the total fermion parity
Since the latter is self-adjoint P * N = P N and satisfies P 2 N = 1, it also has eigenvalues ±1. The orthogonal transformation (2.13) preserves the fermion parity operator, i.e.
(This follows most easily by restricting wlog to the case det O = 1, for which the orthogonal transformation can be implemented on the Hilbert space by a unitary dynamics generated by a quadratic Hamiltonian which commutes with P N , cf. [8] .)
Since the spin Hamiltonian S N is quadratic and diagonal in ib
j , a number of important consequences follow:
1. The spectrum of S N can be completely described in terms of the joint eigenstates of the collection of the operators ib
To do so, we start from the unique normalized vector
form an orthonormal basis of H N . In fact, they are also eigenvectors of S N :
where E = N j=1 λ j stands for the negative ground-state energy. The fermion parity of these eigenstates is
for all α ∈ {0, 1} N . The ground-state is unique and given by Ψ (0,...,0) if and only if H N has a trivial kernel.
2. The time evolution is trivial on the b-operators, i.e.
Given this, by setting A(t) := τ t (A), understood component-wise as above, one finds
3. The quadratic nature of S N implies that any induced thermal state, i.e. ρ = e −βS N / tr e −βS N with β ∈ (0, ∞), or any eigenstate of S N is quasi-free (cf. [8] ). The same applies to the functionals which result from these through decorations by the fermion parity operator, in particular,
The last observation will be essential in calculating the correlation functions (2.6).
Correlation functions
Using the Jordan-Wigner transformation, the spin correlations functions (2.6) can be explicitly expressed in terms of correlation functions involving the a-operators.
Reduction to Majorana correlations
As a warm-up, let us first consider all single spin correlations and all those involving σ 3 . Recall that we have set A(t) = τ t (A) =: (a
T the latter a notation we will use below. 25) and
26)
for any 1 ≤ ξ, η ≤ N and any t ∈ R.
Proof. Inserting the Jordan-Wigner relation (2.7) we obtain for any ξ:
the final equality follows as these states are quasi-free. In fact, the expectation of the product is then a pfaffian, and there are an odd number of a-operators. The result for σ 2 ξ is similar. The third identity in (2.25) immediately follows from σ 3 ξ = ia
For a derivation of (2.26) we proceed similarly using (2.7) and the fact that the state ρ is quasi-free:
since the number of a-operators is odd. The result for σ 2 η is again argued similarly. To evaluate the remaining correlation, observe that
where the last equality again follows from the fact that ρ is quasi-free. In this case, the four-point function a
The σ 3 -correlation (2.26) is readily seen to decay in the distance |ξ − η| whenever the twopoint functions involving the a-operators are known to do so. To establish a similar result for the correlations in the 12-plane, we again start from the Jordan-Wigner transformation (2.7) and write for w, w ∈ {1, 2}:
where we introduced the abbreviation:
The above average does not quite fit our needs if one aims to apply Theorem 1.3 or 1.4. We therefore rewrite the product
using the identity (2.18) for the fermion parity. This brings the twisted average (2.24) into the equation:
for all 1 ≤ ξ ≤ η ≤ N , any t ∈ R, and w, w ′ ∈ {1, 2}. Here we have set ♭ w ′ = −# w ′ . In case (2.24) defines a quasi-free functional, the last expression ( . . . ) is the pfaffian In order to apply these theorems, it remains to determine two-point functions associated with the a-operators.
Calculating Majorana correlations
All the relevant information concerning the spin correlations of interest is encoded in the following 2N × 2N matrix:
If ρ commutes with S N , then this correlation matrix only depends on the time difference,
where we have similarly set Γ B (t, s) := B(t)B(s) T . We need only determine the static bcorrelations and this is the content of the following Then for any t, s ∈ R:
where f ρ : R → R is the function given by:
with χ ∆α the characteristic function onto the set ∆ α = {λ j |α j = 0} ∪ {−λ j |α j = 1}.
Proof. Given (2.36) and the fact that K N = O T ΛO, the claim is equivalent to showing that
One easily checks that, in the cases considered above, the off-diagonal expectations are zero, i.e., b # j b ♭ k ρ = 0 for j = k, and so
Here the last line results from explicit matrix multiplication using (b 1. In case of a thermal state, ρ = e −βS N / tr e −βS N , we have
This implies −i b
2. In case of an eigenstate, ρ = |Ψ α Ψ α |, we have i b
Here that we require λ j = 0 for all j ∈ {1, . . . , N }, which due to the symmetry of the spectrum of H N is implied by the simplicity of the eigenvalues. From this the claim follows by distinguishing the cases α j ∈ {0, 1}. Note that the fact that H N has simple spectrum implies that χ α (H N ) is well-defined.
3. In case ρ = P N e −βS N / tr P N e −βS N , the calculation proceeds similarly to the first case. Since tr P N e −βS N = (−2) N N j=1 sinh(βλ j ), we again need the assumption that H N has a non-trivial kernel.
Before turning to our main result, let us conclude this section with some historical remarks. Lemma 2.1 and 2.2 together with (2.30) or (2.32) yields a general expression for the timedependent spin correlation functions of the XY model in terms of pfaffians involving the singleparticle Hamiltonian H N entering
where {δ # ξ } denotes the canonical orthonormal basis in ℓ 2 ({1, . . . , N }; C 2 ). The fact that spin correlations in the XY -chain are expressible in terms of such pfaffians (or determinants) is an observation which dates back to the seminal paper [17] for the time-independent case. In the homogeneous case (µ ξ = µ) these explicit expressions are used to show that the ground-state correlations in the 12-direction exhibit an algebraic fall-off -a fact which should be contrasted to the exponential decay 2.50 below in the presence of an additional random field {ν ξ }.
Explicit expressions for the time-dependent correlation functions go back to [22] (for the 3-direction) and [18, 7] (for the 12-direction). They have been the starting point for numerous further studies (see, e.g. [25] ).
Main result: dynamical localization
Our main result in this section concerns the case in which the one-particle Hamiltonian H N is random and can be proven to exhibit strong-dynamical localization (cf. (1.18) ). A standard example of a random version of H N is the case that the spin coupling parameters {µ ξ } and {γ ξ } are constant and the external magnetic field {ν ξ } forms iid random variables. We will discuss the applicability of the following general theorem in this case below.
Theorem 2.3 (Strong dynamical localization in spin chain).
Suppose that the single-particle Hamiltonian H N associated with the spin-chain S N is a random operator on ℓ 2 ({1, . . . , N }; C 2 ) which for all N ∈ N satisfies:
1. H N has almost-surely simple spectrum.
the eigenfunction correlator of H N exhibits complete strong dynamical localization in the
sense that for all ξ, η ∈ {1, . . . , N }:
with some N independent constants C, µ ∈ (0, ∞).
Then the time-dependent spin correlations associated to either of the states corresponding to (2.5) also exhibit strong dynamical localization in the sense that there are some C ′ , µ ′ ∈ (0, ∞) for which, given any N ∈ N:
for all w, w ′ ∈ {1, 2, 3} and all ξ, η ∈ {1, . . . , N }.
Proof. In case w = 3 or w ′ = 3, the claim immediately follows from Lemma 2.1 and (2.42) with f ρ ∈ L ∞ bounded by f ρ ∞ = 2, cf. Lemma 2.2. In this case, the only non-trivial correlation is
In case w, w ′ ∈ {1, 2}, we first restrict the discussion to the case of eigenstates, ρ = |Ψ α Ψ α | and envoke the representation (2.32). Given (2.21), the prefactor in (2.32) is bounded by one. One thus has for w, w ′ ∈ {1, 2}:
Since eigenstates are quasi-free, the right-hand side is the pfaffian (2.33) (with · replaced by · α ). The claim thus follows from Theorem 1.4 using In case of thermal states, ρ = e −βS N / tr e −βS N , the result in case w, w ′ ∈ {1, 2} follows from the above, since
The claimed bound is hence a consequence of Theorem 1.4 with the help of (2.47) and taking the first remark below Theorem 1.4 into account.
1. As was shown in [1, Prop. A.1], S N and hence H N has simple spectrum for Lebesguealmost all {ν ξ } ∈ R N . Taking {ν ξ } independently distributed random variables with a single-site distribution which is absolutely continuous hence implies that H N has almost surely simple spectrum. (Since the latter is symmetric about the origin, this in particular implies that the kernel of H N is trivial almost surely.)
2. As was explained in Subsection 2.1, in the isotropic case (γ ξ = 0) and for homogeneous spin coupling (µ ξ = µ), the Hamiltonian H N reduces to (two copies of) the Anderson model with random potential {ν ξ }. In this case, strong dynamical localization in the sense of (2.43) is known to occur for iid random variables under fairly general conditions on the single-site distribution (cf. [3] and references therein).
In the non-isotropic, but homogeneous case (γ ξ = γ and µ ξ = µ) a less complete picture is generally available. A result in [12] covers the regime of large disorder in case {ν ξ } are iid with absolutely continuous distribution with a compact support. In [10] strong dynamical localization (2.43) is established for strong enough spin coupling |µ|.
Theorem 2.3 applies to all eigenstates and the thermal states. If one just aims at a localization statement concerning thermal states or ground-state, without any dynamics, less has to be assumed.
Theorem 2.4 (Localization for thermal states or the ground-state).
Suppose that the singleparticle Hamiltonian H N associated with the spin-chain S N is a random operator on ℓ 2 ({1, . . . , N }; C 2 ) which for all N ∈ N satisfies:
1. H N has almost-surely a trivial kernel.
the Green function of H N at zero exhibits fractional moment localization in the sense that
for some s ∈ (0, 1) and all ξ, η ∈ {1, . . . , N }:
Then the thermal spin correlations exhibit localization in the sense that there is C ′ , µ ′ ∈ (0, ∞) for which, given any N ∈ N:
for all w, w ′ ∈ {1, 2, 3}, all ξ, η ∈ {1, . . . , N }, and all β ∈ (0, ∞] .
Proof. We will only give a proof in case β ∈ (0, ∞) since the ground-state case β = ∞ follows by a limiting argument. In case w = 3 or w ′ = 3, we proceed as in the proof of Theorem 2.3. In particular, in the only non-trivial case w = w ′ = 3, we use the first estimate in (2.45) in which f ρ (λ) = 2(1 + e −2βλ ) −1 . Using an argument from [2] , we may write for
is estimated with the help of a Combes-Thomas bound, cf. (1.16) and [2] . The remaining contribution is estimated using (2.49). More explicitly:
where the last sum is bounded by a constant times β s for all β ≥ π.
In the other cases w, w ′ ∈ {1, 2} we rewrite using (2.32):
The arising pfaffian (2.33) satisfies the requirements of Therem 1.4 with M −1 0 = | tr P N e −βS N | = 0. To verify the other assumption (1.30) in this theorem, we note that by Lemma 2.2
we may use (2.51) together with the fact that π/(2β) < ǫ β and that the kernel of H N is trivial to rewrite
The contribution of the second terms is again bounded using the Combes-Thomas estimate from [2] . For its application note that ǫ β − π/(2β) ≥ 1/2. The first term is estimated similarly as above.
Some remarks:
1. Quite generally, it is known that thermal states associated to one-dimensional, many-body quantum lattice systems satisfy exponential decay of correlations, or exponential clustering. In fact, Araki showed [4] that analyticity arguments allow one to use Ruelle's classical transfer matrix methods, see e.g. [24] , to prove that the Gibbs state of (e.g. finite range) one-dimensional systems satisfy exponential clustering at any positive temperature. Consequently, Araki's result yields, deterministically, exponentially decaying bounds on thermal states of the XY-model. By contrast, our averaged bounds, in this random setting, are not only more explicit, they are also uniform, in the sense that they survive the β → ∞ limit.
2. Some previous results concerning decay of correlations in random XY-models exist. In [16] , some bounds on static correlations of certain observables in the ground state of the isotropic XY-model are considered. In [14] , a bound on averaged, static ground state correlations is proven, again for the random isotropic XY-model. More precisely, for a chain of length N ≥ 1, a bound of the form
is obtained by combining a zero-velocity Lieb-Robinson bound, a Lifshitz tails estimate for the Anderson model, and well-known methods, see e.g. [20] , for deriving correlation decay in the ground state of gapped many-body systems. (Suggestions for improvement of this method can be found in [13] .)
Upper Bounds on Certain Bordered Determinants and Pfaffians
The technical core of this paper, on which the proofs of our main results rest, are two estimates on certain bordered determinants and pfaffians.
Determinants
The following is the main new technical result for determinants.
Theorem 3.1. Consider a complex matrix M ∈ C (n+1)×(n+1) with the following block structure
with α ∈ C, column vectors v 1 , w 1 ∈ C p and v 2 , w 2 ∈ C q , and blocks A ∈ C p×p , B ∈ C p×q , C ∈ C q×p , and D ∈ C q×q with p + q = n. If M ≤ 1, then we have that
While this bound is not sharp, it also does not result from a straightforward application of Hadamard's inequality [19] which asserts that
Here r j (M ) denote the row vectors of the matrix and the last inequality follows since the Euclidean norm of any row is bounded by the matrix norm. Since we deal with matrices satisfying M ≤ 1, the determinant is then bounded by min j r j (M ) . None of the row vectors, in general, have a norm comparable with the right side of (3.2). In addition to Hadamard's inequality (3.3), the proof of Theorem 3.1 is based on a change of basis and the invariance of the determinant under row operations.
Proof of Theorem 3.1. Let U ∈ C p×p be a unitary transformation for which
and take V ∈ C p×p to be a unitary which transforms AU T into an upper triangular matrix:
with some α j ∈ C. Lifting these matrices
we haveM
Since the unitary transformations leave the norm as well as the modulus of the determinant invariant, an application of Hadamard's inequality (3.3) yields
We now distinguish between two cases with a variational parameter ε > 0.
Case 1:
Suppose that |α p | ≤ ε. The norm of the (1 + p)th row ofM can then be estimated as
where we used the fact that
Case 2: Suppose that |α p | > ε. We then use row operations (which leave the determinant ofM invariant) to eliminate the non-zero entry in U v 1 from the first row. The other components in the first row are then modified as follows:
As a consequence, the norm of this modified first row can be estimated by
Summarizing, the sum of the left sides of (3.9) and (3.12) constitute an upper bound on | det M |. Optimizing over ε > 0, i.e., taking ε = v 1 ( w 1 + B ), we then arrive at the bound claimed in (3.2).
Pfaffians
Since pfaffians belong to a less popular branch of linear algebra, let us start this subsection by reviewing some basic facts which will be of relevance. (For proofs and much more, see [19] .)
Let M ∈ C m×m be a skew-symmetric matrix, i.e. M T = −M . In the even case, i.e. m = 2n for some n ∈ N, the pfaffian is defined by
a π(2j−1),π(2j) (3.13) where S 2n is the symmetric group of permutations and sgn(π) is the sign of the permutation π ∈ S 2n . (Taking the skew-symmetry into account this definition is seen to coincide with (1.3) .)
The pfaffian of any skew-symmetric matrix with m odd is defined to be 0. It is also convention to define the pfaffian of a 0 × 0 matrix to be 1.
Pfaffians share many similarities with determinants. First, they are invariant under certain elementary row operations which must be partnered with corresponding column operations to preserve skew-symmetry: 3. LetM be the matrix obtained from M by taking a multiple of a given row and the corresponding column and adding it to another row and the corresponding column. Then
Next, pfaffians satisfy a Laplace expansion. The simplest case is an expansion along the first row/column, 14) where M1l is the sub-matrix obtained from M by simultaneously removing two rows and two columns; namely those corresponding to 1 and ℓ.
Our new estimate concerns pfaffians of skew-symmetric matrices M ∈ C 2(n+1)×2(n+1) with the following block structure:
where α ∈ C, the columns v 1 , w 1 ∈ C 2p while v 2 , w 2 ∈ C 2q with p + q = n, and the blocks A ∈ C 2p×2p , B ∈ C 2p×2q , and C ∈ C 2q×2q with both A and C also skew-symmetric. As the remainder of the matrix is determined through skew-symmetry, we leave it blank.
We will assume that M models a correlation matrix which, in particular, entails that the modulus of its pfaffian is bounded. More generally, the following notion is tailored for our purposes.
Definition.
A skew-symmetric matrix M ∈ C 2n×2n is said to have a correlation structure of depth k ∈ {0, 1, . . . , n} with constant M 0 ∈ (0, ∞) if the pfaffian of all sub-matrices Mĵ 1 ,ĵ 2 ,...,ĵ 2l which result from simultaneously eliminating the rows and columns labeled j 1 , j 2 , . . . , j 2l satisfy pf Mĵ
for all disjoint integers j 1 , j 2 , . . . , j 2l ∈ {1, . . . , 2n} and all l ∈ {0, . . . , k}. The case l = 0 by definition corresponds to no eliminations, i.e. the bound | pf M | ≤ M 0 .
We then have the following result.
Theorem 3.2. Let M ∈ C 2(n+1)×2(n+1) be a skew-symmetric matrix which has the blockstructure (3.15) and a correlation structure of depth 2 with constant M 0 . Then
where r j (B) ∈ C 2q are the row vectors of B ∈ C 2p×2q and · 1 denotes the 1-norm.
The proof is based on two lemmas. The first is a straightforward implication of the multilinearity of pfaffians as expressed in (3.14).
Lemma 3.3. In the situation of Theorem 3.2:
Proof. An application of the Laplace expansion (3.14) yields
Using the assumed correlation structure, the first and third term above are bounded by |α|M 0 and v 2 1 M 0 , respectively. For the remaining sum, we again Laplace expand along the first row of M1 , (2+j) :
with suitable exponents ǫ j (k) ∈ {0, 1}. The first sum is bounded by w 1 1 M 0 . This gives rise to the third term in (3.18) . The second sum in is bounded by w 2 1 times the supremum in the right side of (3.18).
It remains to estimate the pfaffians which appear on the right side of (3.18). 
where r j (B) denotes the j-th row of B.
Proof. Since A ∈ C (2p−1)×(2p−1) is skew-symmetric, its kernel is non-trivial. By the ranknullity theorem, the range of A has dimension smaller or equal to 2p − 2, and consequently the columns of A and the rows of A are linearly dependent. Thus, there are µ 1 , . . . , µ 2p−1 ∈ C, not all zero, for which
where we have denoted by r j (A) the j-th row of A. As the µ j do not all vanish, choose j 0 ∈ {1, . . . , 2p − 1} satisfying |µ j | ≤ |µ j 0 | = 0 for all j. Without loss of generality, we will assume that j 0 = 1. Since the pfaffian is invariant under joint row/column operations, we may use (3.23) to eliminate the first row/column of D. In fact,
where A = A1 ∈ C (2p−2)×(2p−2) is the sub-matrix of A obtained by deleting the first row and column and B ∈ C (2p−2)×(2q−1) is the matrix with row vectors r 2 (B), . . . , r 2p−1 (B) ∈ C 2q−1 . Moreover, by inspection, it is clear that the first row is given by
We now Laplace expand along the first row on the right side of (3.24) and obtain
Using the correlation structure for D and the fact that |µ j | ≤ |µ 1 | we arrive at We organize the proofs of Theorems 1.1 and 1.2 similarly. In each, for any n ≥ 1, we consider a pair of configurations x = (x 1 , x 2 , · · · , x n ) and y = (y 1 , y 2 , · · · , y n ) both in Z n which we assume to be fermionic and ordered, cf. (1.12). The configuation's distance is attained at an optimizing pair j o ∈ {1, . . . , n}, i.e.
D(x, y) = max
Without loss of generality, we will assume that
since the roles of x and y may be interchanged in the case that x jo > y jo . For convenience of notation we will relabel the particles
After this relabeling the n × n correlation matrix which we are interested in is given by M = (ω(j, k)) 1≤j,k≤n with ω(j, k) := δ x j , ρ(s j , t k )δ y k . It has the following structure:
where we have set
The sub-decomposition of the vectors v = (v 1 , v 2 ) T and w = (w 1 , w 2 ) T and thereby also the matrix M into the blocks A, B, C, D is done according to the following rule in which we use the above relabeling 
Proof. Recall that wlog δ = y 1 − x 1 , see (4.2) . By the labeling rule (4.6), we have that:
1. The components of v 2 correspond to y k > x 1 + δ/2. Thus,
Since the configuration y is assumed to be fermionic, i.e., y j = y k for all j = k, the right side above is trivially estimated by the first term in (4.7).
2. The components of w 1 correspond to y j ≤ x 1 + δ/2 < y 1 . In this case, it must be that x j < x 1 . As a result,
x j <x 1ρ (x j , y 1 ) (4.10) similar to before. This is clearly bounded by the right side of (4.7).
3. The components of B are of the form ω(j, k) corresponding to y k > x 1 + δ/2 and x j < x 1 . Since the operator norm of B is trivially bounded by the Frobenius norm B 2 and moreover,
x j <x 1 k:
(4.8) readily follows.
Using the above lemma and our general estimate for determinants (Theorem 3.1), we can now easily prove Theorems 1.1 and 1.2.
Proof of Theorem 1.1. Fix a pair of fermonic, ordered configurations x and y in Z n . With respect to the relabeling described in (4.1)-(4.6) above, denote by M the corresponding correlation matrix which has the structure of (4.4). Since ρ(s, t) ≤ 1, it is clear that M ≤ 1. Using Theorem 3.1, we have the estimate follows. This completes the proof.
Proceeding similarly, one has the following. 
Proof of Theorem 1.3 and 1.4
Without loss of generality we will assume that the configuration x ∈ Z 2n is ordered according to (1.26). There is some j o ∈ {1, . . . , n} such that r(x) = |x 2jo − x 2jo−1 |. We may now relabel j o → 1, (1, . . . , j o − 1) → (2, . . . , j o ), and (j o + 1, . . . , n) → (j o + 1, . . . , n), such that the skew-symmetric 2n × 2n matrix featuring in Theorem 1.3, which has entries ω(j, k) := ω a Proof. Since there are no more than two Majorana Fermions (in fact of opposite flavor #) on each lattice site, the claim immediately follows from the definition of the vectors.
Using the estimate (1.14) onρ we may hence conclude (in a similar fashion as in (4.13)): These estimates allows to apply Theorem 3.2 to the pfaffian of (4.17) and hence give a proof of Theorem 1.3.
Proof of Theorem 1.3. As discussed above the skew-symmetric 2n × 2n matrix featuring in Theorem 1.3 has the block structure (4.17), pf ω a
Since (ω, τ ) is assumed to be a quasi-free pair and ω is bounded by M 0 as a functional, the matrix M has a correlation structure of arbitrary depth with constant M 0 , i.e. Here we used the fact that eliminating rows and colums in the Pfaffian is equivalent to inserting the corresponding Majorana operators since (a # x (t)) 2 = 1. Moreover, the Majorana operators are bounded by one. We may hence apply Theorem 3.2.
The norms of the bordering vectors have been estimated in (4.22) . Since the sums of the norms of the row-vectors of B are bounded according to j r j (B) 1 ≤ B ∞,∞ , we conclude |pf M | ≤ M 0 Ce −µK(r(x)) + 2CI(µ 0 ) (1 + 2CI(µ 0 )) e
